Hurwitz spaces are spaces of pairs S, f where S is a Riemann surface and f : S → C a meromorphic function. In this work, we study 1-dimensional Hurwitz spaces H Dp of meromorphic p-fold functions with four branched points, three of them fixed; the corresponding monodromy representation over each branched point is a product of p − 1 /2 transpositions and the monodromy group is the dihedral group D p . We prove that the completion H Dp of the Hurwitz space H Dp is uniformized by a non-nomal index p 1 subgroup of a triangular group with signature 0; p, p, p . We also establish the relation of the meromorphic covers with elliptic functions and show that H Dp is a quotient of the upper half plane by the modular group Γ 2 ∩ Γ 0 p . Finally, we study the real forms of the Belyi projection H Dp → C and show that there are two nonbicoformal equivalent such real forms which are topologically conjugated.
Introduction
Hurwitz spaces are spaces of pairs S, f where S is a Riemann surface and f : S → C is a meromorphic function, that is, a covering. These spaces have a natural complex structure and were introduced by Clebsch and Hurwitz in the nineteenth century. In 1873, Clebsch 1 showed that the Hurwitz space parametrizing simple n-fold coverings is connected and Severi used this result to show the irreducibility of the moduli of curves. See the recent exposition by Eisenbud et al. 2 . In 1891, Hurwitz 3 gave a complex structure to the set of pairs S, f having a fixed topological type. In 1969, Fulton 4 showed again the theorems of Clebsch and Severi using tools of algebraic geometry. He showed how to produce Hurwitz 2 International Journal of Mathematics and Mathematical Sciences spaces in positive characteristic. There are many recent works studying Hurwitz spaces by Fried, Völklein, Wewers, Bouw see, e.g., 5, 6 . Another reason for the new attention to Hurwitz spaces is that they provide examples of Frobenius manifolds in the sense of Dubrovin 7 .
In this work, we study 1-dimensional Hurwitz spaces. In 1989, Diaz et al. 8 showed that any covering of the Riemann sphere branched on three points, that is, a Belyi curve 9 , is a connected component of a 1-dimensional Hurwitz space. The Belyi curves appear as Hurwitz spaces of meromorphic functions with four branching points, three of them fixed. Hence, via Hurwtiz spaces, there is a way to associate a Belyi curve and then a real algebraic curve to a type of meromorphic function with four branching points. The correspondence between types of meromorphic functions branched on four points and real algebraic curves is not known in general. In this work, we will determine the real algebraic curve describing the Hurwitz space of irregular dihedral coverings. As a result, we obtain that there are two nonequivalent real forms for these Hurwitz spaces.
Let S be a Riemann surface and f : S → C a meromorphic function branched on the set of points B f {0, 1, ∞, λ : λ / ∈ {0, 1, ∞}}. Let p be a prime integer, we define an irregular p-fold dihedral covering as a meromorphic function having a monodromy: In Section 2, we present the uniformization of π : H D p → C by a non-normal, index p 1, subgroup of an hyperbolic Euclidean for p 3 triangular group. Let Δ be the triangular Fuchsian Euclidean, for p 3 group acting on the hyperbolic plane H with signature 0; p, p, p and canonical presentation:
We define ρ : Δ → PSL 2, p by 
Hurwitz spaces of irregular dihedral coverings
Hurwitz spaces are spaces of pairs S, f where S is a Riemann surface and f : S → C is a meromorphic function. We will consider the case when f has four branching points 0, 1, ∞, λ. Let S 1 , f 1 and S 2 , f 2 be two pairs of Riemann surfaces S 1 and S 2 and meromorphic functions f 1 : S 1 → C and f 2 : S 2 → C with four branching points. We say that S 1 , f 1 and S 2 , f 2 are of the same topological type if there are homeomorphisms ϕ : S 1 → S 2 and ψ : C → C such that f 2 • ϕ ψ • f 1 and ψ 0 0, ψ 1 1 and ψ ∞ ∞. Let t be a class of topologically equivalent meromorphic functions; H t denotes the set of topological classes of pairs S, f with f of topological type t.
Given S, f , the representative of a point in H t , we denote the branching set of f by B f {0, 1, ∞, λ}. Following 13 , the pair S, f is given by B f and the monodromy representation of the covering f : S → C:
The group ω π 1 C − B f , O is called the monodromy group of the n-fold covering f.
Fixing ω, the variation of the point λ gives an 1-dimensional complex structure on the set of pairs S, f .
Let B f be the branching set of f and 
Define an irregular p-fold dihedral covering as a covering having a monodromy ω :
We will denote the Hurwitz space of irregular p-fold dihedral branched coverings f : S → C whose branching set consists exactly of 0, 1, ∞ and a variable point λ ∈ C − {0, 1, ∞} by
There is a covering π :
Belyi function. We will determine π and H D p . First of all we need to know the degree of π. The degree of π is the number of different meromorphic functions f : S → C of degree p that are dihedral irregular coverings branched on four fixed points. In other words, we look for the number of irregular dihedral p-fold coverings S → C with monodromy representation as in Definition 2.2. 
Proposition 2.3. There are p 1 classes of monodromies
Thus we have p 1 classes of monodromy representations.
We have found that the degree of π and π is p 1. We can establish a bijection between monodromy classes and points of P 1 Z p . This bijection will be very useful in determining the monodromy representation of π:
2.5
Since the degree of π is p 1, the monodromy
associated to the covering π is determined as follows.
Antonio F. Costa et al.
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The meridian μ ∞ in π 1 C − {0, 1, ∞}, −1 is represented by a closed path
around ∞, with base point −1, together with the marking λ γ t . If we start with a monodromy ω for λ 0 γ 0 −1, then at λ 1 γ 1 −1 the monodromy ω transforms in a new monodromy ω . The monodromy ω is precisely ω • σ 2 3 * , where σ 2 3 * is the isomorphism of π 1 C − {0, 1, ∞}, −1 induced by the braid σ 2 3 ∈ B 4 acting on C − {0, 1, ∞, −1}. We say that the effect of μ ∞ on the monodromies is given by the braid σ 2 3 ∈ B 4 . In the same way, the effect on the monodromies of the meridian μ 1 is given by the braid σ 3 σ The value of δ μ ∞ resp., δ μ 0 , δ μ 1 is given by the transformation of the monodromies when λ moves along μ ∞ resp., μ 0 , μ 1 . Since B 4 acts on the meridians by 
2.9
Hence, the monodromy group of π :
The function π is a p 1 -fold covering with three branching points: 0, 1, ∞ a Belyi function . The preimage of each branching point contains a ramification point of local degree p and a pseudoramification point of local degree one. 1; x 1 x 2 x 3 1 .
2.10
Define ρ : Δ → PSL 2, p by
2.11
If φ : PSL 2, p → Σ p 1 is the natural map given by the geometrical action of PSL 2, p on 1
2 the orbifold covering D/δ −1 Stab 1 → H/Δ is analytically equivalent to the covering π :
A similar result it is obtained in 11 for some different types of Hurwitz spaces.
In Figure 1 we can see a fundamental region for the triangular group Δ and its subgroup for p 5. In Section 3, we obtain a fundamental region for all p. 
The Hurwitz spaces H D p uniformized by modular groups
We establish first the relation between the irregular p-fold dihedral coverings of C and elliptic curves. As before, let f : C → C be a rational function of degree p with branching points at 0, 1, ∞, λ given by a monodromy representation as in Definition 2.2. The Galois covering, given by the kernel of the monodromy, is a torus T * where D p acts by a translation of order p and the elliptic involution. The quotient of T * by the translation group is again a torus T and the natural projection η gives the following conmutative diagram:
Both vertical arrows are 2 to 1 maps. The horizontal arrows are p to 1 maps. On the other hand we may start with a torus T , an elliptic involution ε, and the 2 to 1 projection with branching points 0, 1, ∞, λ. We obtain p 1 different coverings f as follows. Let 1, τ , Im τ > 0, be the group of translations on C so that T C/ 1, τ . Consider the group epimorphisms
The kernel of α defines a subgroup of index p and the quotient of C by this subgroup defines the torus T * ; there are p 1 homomorphisms with different kernels given by
If ℘ denotes the classical Weierstrass elliptic function, the arrows in 3.1 are obtained by
for i ≤ j ≤ p − 1 and ℘ z; p, τ for i p. ℘ z; 1, τ is an even elliptic function for ker α j . Thus ℘ z; 1, τ is a rational function of ℘ z; 1 p − i τ, pτ giving us an explicit formula for f. It may be worthwhile noticing that, for each τ, we get a discrete group acting on C, depending analytically on τ and uniformizing an orbifold of genus 0 and four conic points of order 2, that is, an Euclidean crystallographic group with signature 0; 2, 2, 2, 2 , namely,
3.5
We obtain corresponding subgroups for ker α j . Each mapping f may be visualized through appropriate fundamental regions for the group G τ and its non normal subgroups G ker α j . The theory of the automorphic function λ τ is classical and well known; we recall here the necessaries to fix the notations: i Γ PSL 2, Z , the modular group acting on the upper half plane H;
The group Γ 2 is a normal subgroup of Γ of index 6 given by the kernel of the natural map from Γ to PSL 2, Z 2 Σ 3 . A fundamental region for Γ 2 that we will use is given in Figure 2 .
In this figure the fundamental region is divided into twelve parts, each two adjacent parts being a fundamental region for Γ. The free generators for Γ 2 are
with B τ τ − 2 / 2τ − 3 . B fixes 1. We have the relation CBA Id. The function λ is the universal covering map from H to C − {0, 1, ∞} with a group of covering automorphisms Γ 2 , that is, λ ∞ 0, λ 0 1, λ 1 ∞. In terms of elliptic functions,
where e 1 ℘ 1/2; 1, τ , e 2 ℘ 1/2 τ/2; 1, τ , e 3 ℘ τ/2; 1, τ . We also need to consider the following groups:
3.8
In order to explain why Γ 2 and not Γ is our main group it is necessary to review some basic facts of Teichmüller theory of Riemann surfaces. See 14 for complete details. Antonio F. Costa et al.
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Let X be a fixed Riemann surface and f 1 : X → X 1 a quasiconformal homeomorphism. Two such maps f 1 , f 2 are considered equivalent if there is a conformal isomorphism g :
is homotopic to the identity relative to the ideal boundary. Teichmüller space T X is the set of equivalence classes f 1 .
The set QC X of quasiconformal homeomorphisms of X acts on T X via
If QC 0 X is the normal subgroup consisting of those maps homotopic to the identity relative to the ideal boundary, then the modular group is M X QC X /QC 0 X . Proof. Let G be the group of transformations generated by z → z 1, z → z i, z → −z. G acts properly discontinously on C C − 1/2 Z i with quotient surface X C /G isomorphic to the Riemann sphere with the set {−1, 0, 1, ∞} deleted. An explicit isomorphism is given by the restriction to C of the elliptic function
An element M in SL 2, Z acts on C as a linear mapping:
M x, y ax by, cx dy 3.11
porducing an element of the modular group. Observe that M and −M * provide the same action on X . The homeomorphism induced by M on X permutes in general the three points {−1, 0, 1}. Together with elements of Klein's group of order four such as z → 1 i /2 − z, they fully generate the modular group and induce the group Σ 4 of permutations of {−1, 0, 1, ∞}.
To prove that the elements of Γ 2 fix the punctures, it is enough to check this for the generators A and C given above. Now, A acts as the linear map that sends the pair 1, 0 and 0, 1 to 1, 0 and 2, 1 , thus it sends 1/2 to itself, 1 i /2 to 3 i /2 ≡ 1 i /2 and i/2 to 2 i /2 ≡ i/2. In the same manner, C 1/2 1 − 2i /2 ≡ 1/2, C i/2 i/2, and It sends the lattice 1, i to the lattice 1, τ in C and gives a quasiconformal homeomorphism from C − {0, 1, ∞, −1} to C − {0, 1, ∞, λ τ }.
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We define a left action of PSL 2, Z on f τ via
which is given explicitely by
Observe that M ∈ Γ 2 if and only if λ τ λ τ * . Now, M also acts on the right of the epimorphisms 
3.17
An explicit set of coset representatives will be given next.
Lemma 3.3. Let ϕ : Γ 2 → PSL 2, Z p be the natural homomorphism that sends a matrix to its class modulo p:
3.18
Let P denote the subgroup of matrices
Proof. We have to establish that ϕ is surjective. Since
it is enough to prove that these two matrices generate PSL 2, 
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Observe that we have the following inclusions:
3.21
Proposition 3.4. One has the right coset decomposition
where D C m B and 3 − 4 m ≡ 0 mod p.
Proof. We establish the decomposition
Therefore, if d / 0 mod p, we define k by c 2dk ≡ 0 mod p to obtain a matrix in P . If
3.25
Now, taking 4m
Corollary 3.5. Let F be a fundamental region for Γ 2 as in Figure 2 . Then
When we compactify this region by filling in the punctures of order p, then F corresponds to the quadrilateral with angles 2π/p, π/p, 2π/p, π/p , a fundamental region for the Fuchsian group Δ in Theorem 2.4. The correspondence between generators is
This explains Figure 1 for p 5, where D F has been separated into two triangles for symmetry.
,

3.31
lying over the same branching points. We recover Proposition 2.3 since, for each value of λ, there are four possible covers by 3.30 . On the other hand, given τ in H, the 2 to 1 mapping from T C/ 1, τ to C is given by y ℘ u; 1, τ and the mapping from T * C/ 1, 3τ to C is given by the corresponding function y ℘ u; 1, 3τ . Given a point u 1 in C modulo 1, τ , there are three preimages: u 1 , u 2 1 τ −u 1 and u 3 u 1 τ modulo 1, 3τ . Branching will happen when y is branched but x is not. Thus y is a 3 to 1 rational function of x with simple points at e 1 3τ , e 2 3τ , e 3 3τ , ∞ lying over e 1 τ , e 2 τ , e 3 τ , ∞. Normalizing these points we obtain the values 3.30 and 3.31 :
3.33
We consider now a fundamental region for the group Γ 2 ∩ Γ 0 3 of index 4 in Γ 2 in Figure 3 . Figure 3 If the sides are numbered from 1 to 10 counterclockwise starting at the vertical side on the left, the pairing of the sides and the group generators are as follows:
A τ τ 2 : 1 ←→ 10, 
3.34
We observe that at the puncture at 0, λ has a triple value 1 and a simple value at the puncture at 2/3. It has a simple 0 at ∞ and a triple 0 at 1/2 and a simple pole at 1/3 and a triple pole at 1. This gives us a Belyi map region for Γ 2 , as in Figure 2 , pulls back to a fundamental region for Γ * . We observe now that λ 3τ has a simple value 1 at the puncture at 0 and a triple value at 2/3. Similar configurations are obtained at the other punctures; we have then a Belyi map
determined by λ * λ 3τ as a function of z as in 3.31 . If we fill in the punctures of Figure 3 we obtain the Euclidean crystallographic group 0; 3, 3, 3 ; as shown in Figure 4 .
We sumarize all this in Theorem 3.6. where x λ τ , y λ 3τ .
